A note on surfaces of general type with $p_g=q=1$ (Local invariants of families of algebraic curves) by 石田, 弘隆
TitleA note on surfaces of general type with $p_g=q=1$ (Localinvariants of families of algebraic curves)
Author(s)石田, 弘隆













$S$ $\mathbb{C}$ . $S$ $p_{g}$ $p_{g}:=\mathrm{d}\mathrm{i}\mathrm{n}$ $H$2(S, $\mathcal{O}s$),
$q$ $=$ dink $H^{1}$ (S, $\mathcal{O}_{S}$ ) . , K $S$ . ,
$S$ $p_{g}=q=1$ . , $S$ $K_{\mathrm{q}\mathrm{L}}^{2}$
$2\leq K_{\mathrm{b}^{\gamma}}^{2}\leq 9$ $a:Sarrow \mathrm{A}1\mathrm{b}(S)$ $S$ . $q=1$
, Alb(S) $=:E$ $\mathbb{C}$ . , $S$ $a$ , $E$ .
$g$ $a$ . $a$ , $a_{*}Ks$ $E$
. $\omega$ :S\rightarrow PE((j*K ) , $\pi:\mathrm{P}_{E}(a_{*}\mathrm{A}_{\mathrm{b}^{\backslash }}’)arrow E$
, $a=\pi\circ\omega$ . $a$ $t\in E$ $S_{t}$ $a_{*}\mathrm{A}_{S}’$
$h^{0}(\mathrm{A}_{\acute{S}}|_{S_{t}})=g$ . , Leray , $a_{*}K_{S}$ 1
. , Catanese Cihberto ? [4] , $a_{*}\mathrm{A}_{\mathrm{L}}^{\prime^{\ulcorner}}\backslash \backslash$
$a_{*},K_{S}=$ $\oplus$ $\mathfrak{s}$413.
$j=$1,” $\ldots$ ,’
( , $\deg W_{1}=1,$ $\mathrm{d}$eg $W_{j}=0$ , rank $W_{j}=1$ ($j=2,3$ , . . . , $k$ )) $\mathrm{A}\backslash$
. , .
$S$ $arrow\omega T?_{E}(a_{*}K_{S}$
$\omega’\downarrow$ $”\varphi$ 4 $\pi$
$\mathrm{P}_{E}(W_{1})$
$arrow^{p}$ $E$
$H$ $p_{*}\mathcal{O}\mathrm{p}_{E}(\mathrm{w}_{1}^{\gamma})(H)\cong W_{1}$ , $F$ $p$ .
$W_{1}$ 1 , Atiyah [1] $\mathrm{P}_{E}$ (W1)
. $\mathrm{P}_{E}(\mathrm{I}\mathrm{t}^{r_{1}})$ $E$ $g$ $E^{(g)}$
(cf. [1] p. 451). , $g$ $E^{(g)}$ , $E^{g}$ $\mathrm{S}_{\acute{g}}$ $\tau:S_{g}^{\gamma}\cross E^{g}arrow E^{g}$
&,
$\tau(\sigma, P_{1}, P_{2}, \cdot. . , P_{g})=(P_{\sigma(1)},P_{\sigma(2)}, \ldots,P_{\sigma(g)})$
, $E^{g}$ $S_{g}$ Eg/\searrow . , $p:E^{(g)}arrow$
$E$ $p(P_{1}, P_{2}, \ldots,P_{g})=P_{1}+P_{2}+\ldots+\cdot P_{g}$ , $p$ $E^{(g)}$
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. , 1, 1 $S$ $E^{(g)}$
, para-canonical map
$S$ 2 3 , $S$ $1$)$.\mathrm{d}1^{\backslash }\mathrm{a}$-canonical map
, . $K_{\mathrm{b}^{\neg}}^{2}=2$ , Catanese [3], Catanese-
Ciliberto [4] , . , $\mathrm{m}$
$P$ 1 blow up $.m-1$ T , $\mathrm{m}$
.
1 (Catanese [3]), Catanese-Ciliberto [5, Theorem 3.1] $)$ $S,$ $\alpha_{-}E,$ $g$ , $\omega,$ $\tau$’
. $K_{S}^{2}=2$ , $g=2$ .
(1) $a_{*}Ks$ 2, 1 4
(2) $\omega$ 2:1 .
(3) $.\omega$ $B$ $6H-2F$ , $B$ 2 3
.
$K_{S}^{2}=3$ , Catanese-Ciliberto [4], [5] , $R_{\mathrm{c}^{7}}^{\prime 2}.=2\backslash$
.
2 (Catanese-Ciliberto [5, Theorem 3.1]) $S,$ $a$ , E. $g,$ $\omega,$ $\overline{J}\mathrm{r}$ .
, $g=2$ 3 .
(i) $g=2$ ,
(i-1) $a_{*}.K$, 2, 1 .
(i-2) $\omega$ 2:1 , $P\in S$ blow up
(i-3) $\omega$ $B$ $6H$ , $B$ $P$ ,
, 4 2 . 2 2
3 .
(ii) $g=3$
(ii-l) $a$*K, 3, 1 .
(ii-2) $\omega$ ,
(ii-3) $\mathrm{i}d$ (S) .
(ii-4) $\omega(S)$ $4H-F$ .
, $K_{S}=2,3$ $a_{*}K_{S}=.W_{1}$ , para-canonical map
. $g=2$ , 2 $E^{(2\rangle}$ 2 . ,
1 (3) (resp. 2(i-3)) 2 $E^{(2)}$ $B$ , $B$
$p_{g}.=q=1,$ $K_{15^{\gamma}}^{2}=2$ (resp. $K_{\mathrm{S}}^{2}=3$)
, $g=3$ , 3 $E^{(3)}$ $4H-F$
, 2 4 $.p_{g}=q=1,$ $\mathrm{A}_{S}^{\prime 2}’.=3$
.
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$F_{\lrcorner}$ $T_{\sigma}$ $T_{\sigma}(P):=P-\sigma$ , $E$ $\sigma$ .
$h$ $E$ . , $E^{(g)}$ $h^{(g)}$ $h^{(g)}$ ( $P_{1},$ $P_{2},$ $\ldots d$r $P_{\mathit{9}}$) $=$
( $h$ (P1), $h($P2), . . . , $h(P_{g})$ ) . , $E$ $E^{(g)}$
.
3(Catanese-Ciliberto $[\dot{\mathrm{a}}$ , Proposition 1.5]) $E$ $E^{(g)}$
$gD-F$ . , $gD-F$
$\prime mD+nF$ 2 $D_{1},$ $D_{2}$ , $\sigma\in E$
$T_{\sigma}^{(g)^{*}}(D_{1})$ $D_{2}$ .
Atiyah [1] : 1 0
, . , 1
. ,
$g$ , 1 $V_{g}$ 1 . , $0_{E^{\tau}}$ $E$
, $\det V_{g}=\mathcal{O}_{E}$ (0E) .
3 $:\prime p_{g}=q=1,$ $R_{\mathrm{L}}^{\prime 2}.\cdot 4^{\urcorner}=2$ $B$ $6H-$
$\ovalbox{\tt\small REJECT}^{-1}$ (0E) . $p_{g}=q=1,$ $R^{\prime 2}\mathrm{q}=3,g\llcorner$ =3
$4H-p^{-1}$ (0E) .
$p_{g}=q=1,$ $\mathrm{A}^{\prime^{1}2}\llcorner\backslash ^{\mathrm{Y}}=2$ 3 $(_{\sim}9$
) , 1




(1) $E$ , $E\cong \mathrm{A}1\mathrm{b}(S)$ , , $a$
1 $p_{g}=q=1,$ $K_{S}^{2}=3,$ $g$ =3
, 4 .




1 . , , $\mathrm{P}^{1}$
, 1 .
. (1) 1
. (2) , Xiao[10]Theorem 2.2 ,
$p_{g}=q=1,$ $g$ =2 $2\leq \mathrm{A}_{\mathrm{k}}^{\prime 2}.\backslash \neg\leq 6$ . , $\mathrm{a}\mathrm{o}$ [10]
Theorem 2.9 (i) $K_{S}^{2}=4$ . , $K^{2}q=5\llcorner$





, $\mathrm{P}_{E}$ (Z) . ,








$p_{g}=q=1,$ $K_{q\mathrm{L}}^{2}=3,$ $g$ =3
, $V_{3}$ $V$ .
2.1 isogeny
.
4(cf. [1], [8], [9, Theorem 2.4]) $E$ , $\mathcal{E}_{E}$ (r, $d$)(r, $d\in \mathbb{Z}$) ?.,
$d$ . $\varphi$ : $\overline{E}arrow E$ $\prime r$ isogeny $\text{ _{}\Gamma}$
$(\prime r, d)=1$ ,
{ $L\in$ Pic(F) $|\deg L=d$} $arrow \mathcal{E}_{E}$ ( $’$r, $d$) : $L\mapsto\varphi_{\dot{*}}L$
. $G:=\mathrm{k}\mathrm{e}\mathrm{r}\varphi$ ,
$\varphi^{*}\varphi_{*}L$






$\varphi$ : $\tilde{E}arrow E$ 3 isogeny . , $\varphi*L\cong V$ $\tilde{E}$
$L=\mathcal{O}_{\tilde{E}}(\tilde{P})$ . , $\overline{P}\in\tilde{E}$ 3 . $G=\mathrm{k}\mathrm{e}\mathrm{r}\varphi$ =
$\{0_{\tilde{E}}, \sigma, (2\sigma)\}(\sigma\neq 0_{\tilde{E}}, (3\sigma)=0_{\tilde{E}})$ ( ,
$\sigma$ $n$. $(n\sigma)$ ),
$\varphi^{*}V$ $\cong L\oplus T_{\sigma}^{*}L\oplus T_{2\sigma}^{*}L$
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$\Phi^{*}\mathcal{O}_{\mathrm{P}_{E}}$ (V) $(4H-p-1(0_{E}))\cong \mathcal{O}_{\mathrm{P}_{\tilde{E}}(\tilde{1^{r}})}(4\tilde{H}_{\overline{1}^{r}}-\overline{p}(\tilde{\mathrm{t}^{r}}0_{\overline{E}}1)-\overline{p_{-}}^{1}(1^{f}\sigma)-\overline{p_{\overline{\mathrm{I}^{\gamma}}}}^{1}((9.\sigma)))$
, $\Phi$ $S’\in|4H-p^{-1}$ (0E)| $|4\tilde{H}_{\tilde{|^{f}}}^{-1}-\tilde{p}_{\tilde{V}}(0_{\tilde{E}})-\overline{\prime}p_{1’}^{-1}-(\sigma)-\tilde{p}_{\tilde{1’}}^{-1}((2\sigma))|$
. , $|4\tilde{H}_{\tilde{|j}}-\tilde{p}_{\tilde{1^{\gamma}}}^{-1}(0_{\tilde{E}})-\tilde{p}_{\tilde{\mathrm{T}^{\dot{f}}}}^{1},(\sigma)-\tilde{p}_{\overline{1}^{\sim}}^{-1}.((2\sigma))|$ $\Phi^{*}S’$
. $G=\{0_{\tilde{E}}, \sigma, (2\sigma)\}$ $|-4\tilde{H}_{\tilde{\mathrm{t}^{r}}}.-\tilde’ p_{\tilde{V}}^{-1}(0_{\overline{E}})-\tilde{p}_{\overline{\mathrm{t}}}^{-1},(\sigma)-\cdot\tilde{p}_{\overline{V}}^{-1}((\underline{9}\sigma))|$ $\{\mathrm{i}\mathrm{d},T_{\sigma}^{*},T_{2\sigma}^{*}\}$
. , $\mathrm{T}^{l}\mathrm{a}\mathrm{k}^{c}\mathrm{a}$hashi[9] .
5 ([9, Lemma 3.23]) . ,
$\Phi^{*}|$4H-p-1 $(0_{E})|=|4\tilde{H}_{\tilde{\mathrm{L}^{f}}}-\tilde{p}_{\tilde{V}}^{-1}(0_{\overline{E}})-\tilde{p}_{\tilde{\mathrm{t}^{f}}}^{-1}(\sigma)-\tilde{p}_{\tilde{\mathrm{L}^{r}}}^{-1}((2\sigma))|^{G}$ .
. : $p_{\mathit{9}}=q=1,$ $\mathrm{A}_{S}^{\prime 2}.=3,$ $g$ =3 $\mathrm{P}_{\tilde{E}}(\tilde{V})$
$|4\tilde{H}_{\overline{\nu}’}-\overline{p_{\tilde{V}}}(10_{\tilde{E^{1}}})-\overline{p_{\tilde{\iota\nearrow}}}^{1}(\sigma)$ $-\overline{p_{\tilde{1}}.,}(1(^{\underline{\eta}}\sigma))|^{G}$ 2
1 1 .
















$O_{\mathrm{P}_{\tilde{E}}}$ ($4\tilde{H}-$ i-1 $(0_{\tilde{E}})-\tilde{p}^{-1}(\sigma)-$ ji-1((2$\sigma$))) $G$ ,
. , $S$ $S$’ , isogeny $\varphi$




$=3,$ $g=3$ $\mathbb{P}_{\tilde{E}}$ $|4’\tilde{H}-\overline{p}^{-1}(0_{\tilde{E}})-$
$\mathrm{r}\tilde{p}^{-1}(\sigma)-\overline{p}^{-1}((2\sigma))|^{C\mathrm{r}}$ 2 1 1
. $S”$ $|4\tilde{H}-\overline{F}_{\infty}-\overline{F}_{\sigma}-\overline{F}_{(2\sigma)}|^{G}$ . $G\cong \mathbb{Z}/3\mathbb{Z}$ $S”$
. , $S”/G$ $|4H-p^{-1}$ (0E)| . $S_{P}’’$
$S”$ $P\in\tilde{E}$ , $(S”/G’)_{P}$ , $6^{\tau\prime\prime}/G$ $P’\in E$
. , $\varphi(\{P_{0}, P1, P_{2}\}.)=P,$ $(P_{0}, P1, P_{2}|\in\tilde{\mathrm{A}^{\urcorner}})$ , $S_{P_{i}}’’$. $(S”/C_{7})_{P}$
. $\Phi(\{Q_{0}, Q_{1,}, Q_{2}\})=Q.,$ (Q0, $Q_{1},.Q_{2}\in S’’$) , $\mathcal{O}_{S’’,Q_{i}}$ $\mathcal{O}_{\mathit{8}’’/G,Q}$
. $|4H-p^{-1}$ (0E)| 2 ,
$|4\overline{H}-\tilde{p}^{-1}(0_{\tilde{E}})-\tilde{p}^{-1}(\sigma)-\tilde{p}^{-1}((^{\underline{)}}.\sigma))|^{G}$ 2
. , $\mathrm{P}_{\tilde{E}}$ $|4\tilde{H}-\tilde{p}^{-1}(0_{\tilde{E}})-\tilde{p}^{-1}(\sigma)-\tilde{p}^{-1}((\underline{9}\sigma))|^{G}$
.
2.2 $\mathrm{P}_{\overline{E}}$
$\ovalbox{\tt\small REJECT}:=\overline{p}^{-1}$ (Q) $\text{ }$ . , $H^{0}(\mathrm{P}_{\tilde{E}}, , \mathcal{O}_{\mathrm{P}\overline{E}}(.4\overline{H}-\overline{F}_{0_{\tilde{E}}}-\overline{F}_{\sigma}-\overline{F}_{(2\sigma)}))^{G}$ .
, $\overline{E}$ $\mathrm{P}^{2}$ $Y^{2}Z=X(X-Z)(X-\lambda Z)(\lambda\in \mathbb{C}\backslash \{0,1\})$
. , $(X : \mathrm{Y} : Z)$ $\mathrm{P}^{2}$ . ,
$\infty:=(0$ : 1:0$)$ . , $\sigma:=(\alpha$ : $\beta$ : 1 $)$ ,





$H^{0}(\mathrm{P}_{\tilde{E}}, \mathcal{O}_{\mathrm{P}_{\tilde{E}}}(\tilde{H}-\tilde{F}_{\infty}))\cong H^{0}(\tilde{E}, \mathcal{O}_{\overline{E}}\oplus \mathcal{O}_{\tilde{E}}((\sigma)-\infty)\oplus \mathcal{O}_{\tilde{E}}((2\sigma)-\infty))\cong \mathbb{C}$.
} 0 $Z_{0}\in H^{0}$ ( $\mathrm{P}_{\tilde{E}}$ , O, $(\tilde{H}-\tilde{F}_{\infty})$ ) . $Z_{1}:=$
$T_{\sigma}^{*}Z_{0}\in H^{0}(\mathrm{P}_{\overline{E}}, \mathcal{O}_{\mathrm{P}_{\tilde{E}}}(\tilde{H}-\tilde{F}_{\sigma})),$ $Z_{2}$ :=T2* Z0\in Ho(PE\tilde , $\mathcal{O}_{\mathrm{P}_{\tilde{E}}}(\tilde{H}-\tilde{F^{\urcorner}}_{2\sigma}.)$ ) ,
$f:= \frac{X-\alpha Z}{Z},$ $g:=, \frac{4\prime\beta^{2}(-\mathrm{Y}-\alpha Z)}{2\beta(\mathrm{Y}-(\mathit{3}Z)-\prime m(X-\alpha Z)},$ $h:=. \frac{4\beta^{2}(X-\alpha Z)}{-9\beta(Y+,t\mathit{3}Z)-m(X-\alpha Z)}$
, $I\theta$ ( $\mathrm{P}_{\tilde{E}},$ $\mathcal{O}_{\mathrm{P}_{\tilde{E}}}$ ( $l4\tilde{H}-\tilde{F}_{\infty}-\tilde{F}_{\sigma}$ -p\tilde \urcorner 2 )) [ .









$S$ , $a$ 1 $p_{g}=q=1,$ $K_{S}^{2}=3,$ $g=.3$
. $S\cong\omega(S)$ $a$ $E$
, $S_{P}$ $P$ ,
$\chi$t$\varphi(S)=(2-2g)_{\lambda^{\sqrt}\mathrm{t}op}(E)+\sum_{P\in E}(_{\lambda’\mathrm{t}op}(S_{P})+‘ 2g-2)$ , (2)
. Noether , $\lambda’\prime \mathrm{t}op(S)=9$ . $\lambda’.\mathrm{t}op(E)=0,$ $g$ =3
1 5 . 4
5 , 5 4 1 4
. , 1 ,
4 1 . 4
3 0
, .
7 . $E$ , $E\cong \mathrm{A}1\mathrm{b}(S)$ , , $a$
1 $.p_{\overline{g}}=q=1,$ $\mathrm{A}_{S}^{\prime 2}.=3,$ $g$ =3 4
. , $\zeta$ $-‘\sim$)$\beta$ 3 .
$\Psi_{1}=fZ_{0}^{4}+gZ14+hZ2^{4}j$
$\Psi_{\zeta}:=fZ_{0}^{4}+gZ_{1}^{4}+hZ_{2}^{- 1}-12\zeta^{\mathrm{A}2}Z_{0}Z_{1}Z_{2}(Z_{0}+Z_{1}+Z2)$
$+$ 4(gZ0Z1$3+hZ1Z2^{3}+fZ0^{3}$Z$2$ ) $+4$ ( $hZ0$Z$2^{3’}+fZ0^{3}Z\mathrm{s}+$ gZ13Z2)
$-6\zeta^{-2}$ ($ghZ_{1}^{2}Z_{2}^{2}+fh$Z02 $Z_{2}^{2}+fg$Z02 $Z_{1}‘$ )$\underline{)}$ , $(\prime i=1,2,3)$
4 ,
. , $\Psi_{1}$ .
$\infty$ $\Psi_{1}(\infty)=2\beta(Z_{1}^{4}-Z_{2}^{4})$ . $\Psi_{1}$ (\mbox{\boldmath $\alpha$})
4 1 . $\infty,$ $\sigma,$ $2\sigma$ ,
Z0\Psi 1 $=4fZ_{0}^{3},$ $\partial_{Z_{1}}\Psi_{1}=4gZ_{1:}^{3}\partial_{Z_{2}}$. $\Psi_{1}=4hZ_{2}^{3}$
, . , , $\infty$
. , $(\infty$ , (1:0: 0) $)$ ,
$\Psi_{1}=2\beta(z_{1^{4}}-z_{2^{4}})+t+$ ( $\mathrm{h}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{e}\mathrm{r}$ terlll),
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( , $z_{1}:=Z_{1/^{J}}Z_{0},$ $z$2 $:=Z_{2}/Z_{0},$ $t$ : $\infty$ ,) ,
. , $\Psi_{1}$ $6_{1}^{\tau\prime\prime}$ $G$ ,
, $a$ 1 $p_{g}=q=1,$ $\mathrm{A}_{\mathrm{c}}^{r}\prime 2=3\mathrm{h}^{\urcorner}’ g$ =3
.
$S_{\zeta}’’$ $\Psi_{\zeta}=0$ . $\llcorner\backslash _{1}’’’$’ $S_{\ddot{\mathrm{b}}}’$’ .
, $S_{1}’’$ , $S_{\dot{\zeta}}’’$‘
.
8 $\mathrm{P}(\mathcal{O}_{\tilde{E}}(\infty)\oplus \mathcal{O}_{\overline{E}}(\sigma)\oplus \mathcal{O}_{\tilde{E}}((2\sigma)))$ , $\Psi:=\sum_{1\leq i\leq 5}.a$i\psi i
$S”$ . , $S^{lJ}$ , $a_{1}=a_{3}=a_{4}.,$ $a_{5}=0$ .
9 $S_{\zeta}’$’ $\Psi_{\zeta}=0$ , $P\in\tilde{E}$ 2 . ,
$S_{\zeta}’’$ $P$ .
2 . ,
$S_{\zeta}’’$ . $k_{-}9_{\zeta}’$’ $\mathrm{P}_{\tilde{E}}$ 1 , $S_{\zeta}’$
$S_{\zeta}’’$ 1 .
, $S_{\zeta}’’$ 1 ,
( 9) , $\tilde{\prime p}$ . , 2
. , $\llcorner \mathrm{S}_{\zeta}’’$’ 2
. , $\Psi_{1},$ $\Psi_{\zeta}$ , $\Psi_{3}$ $\Psi_{4}$
, $\Psi_{8}$ $\Psi_{4}$ .
10 $\Psi=\sum_{1>i\geq 5}a$ .i\Psi .i. $\in H^{0}(\mathrm{P}_{\overline{E}}, \mathcal{O}_{\mathrm{P}_{\tilde{E}}}(4\tilde{H}-\tilde{F}_{\infty}-\overline{F}_{\sigma}-\tilde{F}_{(2\sigma)}))^{G}$
2 $S’$’ . $S$” 2 $\Phi$
, , $\Phi$ $\iota:Earrow E:P\vdash+-P$ $\overline{\Phi}$ : $\mathrm{P}_{\tilde{E}}arrow \mathrm{P}_{\tilde{E}}$
$S$ , $a_{3}=a_{4}$
2 $\Psi=\sum_{1\geq i\geq 5}a$.i\Psi .i $S’$’ ,
$as=a_{4}$ , $\infty,$ $\sigma,,$ $2$ \sigma
( $Z_{1}+Z_{2}=0$ ). $\infty_{j}\sigma,\underline{9}\sigma$ $P\in E$
. $f(P)=f$(-P), $g(P)=h$(-P), $h(P)=g$(-P) . $P$
$\Psi(P)$ , $\Psi(P)(Z_{0}, Z_{1}, Z_{2})=\Psi(-P)(Z_{0}, Z2, Z_{1})$ , $\Psi(P)=0$
$(q\mathit{0} : q_{1} : q_{2})$ , $\Psi(-P)=0$ $(q_{0} : q_{2} : q_{1}.)$ . ,
$P=$ $(p\mathit{0}:p1:1)\in E$ , $P,$ $P+\sigma,$ $P+2\sigma,$ $-P,$ $-P+\sigma,$ $-P+$
$2\sigma$ . , $P,$ $P+\sigma,$ $P+2\sigma,$ $-P,$ $-P+\sigma,$ $-P+2\sigma$
2 , $E$ 2 $\gamma_{1\prime}.\gamma_{2}^{l},$ $\gamma_{3}$. , { $P,$ $P.+\sigma,$ $P$ +
$2\sigma,$ $-P,$ $-P+\sigma,$ $-P+2\sigma\}=$ $\{\infty, \sigma, 2\sigma\}$ $\{\gamma_{i}., \gamma_{i}.+\sigma,\gamma_{i}.+2\sigma\}$ $(i=1,2,3)$ .
, $\infty,$ $\sigma,$ $2\sigma,$ $\gamma$i, $\gamma_{i}$. $+\sigma,$ $\gamma_{i}+2\sigma$ $(i=1,2,3)$ 1 ,
5 . , $\infty,$ $\sigma,$ $2\sigma,$ $\gamma$, $\cdot$i, $\gamma_{i}+\sigma,\gamma\cdot\prime i+^{\underline{\eta}}\sigma$ $(i=1,2,3)$
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, $(q0 : q_{1} : q_{2})$ $q_{1}\neq q_{2}$
, (.clo: $c$l2: $q_{1}$ ) $(q_{0} : q_{1} : q_{2})$
. , $S”$ , 5
. $S_{\check{\zeta}}’’$ 2 , .
, $S_{\zeta}’$ .
11 $\mathrm{P}(\mathcal{O}_{\tilde{E}}(\infty)\oplus \mathcal{O}_{\tilde{E}}(\sigma)\oplus \mathcal{O}_{\tilde{E}}((2\sigma)))$ , $\Psi_{\zeta}$ $S_{\zeta}’’$
.
( ) $\mathrm{S}_{\dot{\zeta}}’’’$ , . $S_{\zeta}$ $\nu$ : $\overline{S_{\zeta}’’}arrow$
$S_{\zeta}’’$ . , $\lambda’(\mathcal{O}_{S}\cdot)-\lambda’(\mathcal{O}_{1}\overline,,)=\sum_{P\in^{\mathrm{t}}\backslash _{\acute{\acute{\zeta}}}}\llcorner.,\prime p_{\mathit{9}}(S_{\zeta^{\mathrm{L}}}’’, P\acute{\epsilon}5_{\zeta}^{\urcorner})$ . $S_{\check{\zeta}}’$’
1 , 2 . $S_{\zeta}’$’ 2 ,
3 . $\overline{S_{\zeta}’’}$ 3 , $\kappa^{-}(S_{\zeta}’’)\geq 1$
.
$\lambda’(\mathcal{O}_{b_{\zeta}^{\gamma}}\overline,,)\geq 0$ , 3 . , 0 , 2
3 . $\Psi_{\zeta^{\mathrm{b}}}$ $a_{\dot{i}\mathrm{J}}=a_{4}$ , 2
. , $\infty,$ $\sigma,\underline{9}\sigma,$ $\gamma$i, $\gamma_{i}.+\sigma,\gamma_{i}.+\underline{9}\sigma$ $(.i=1,2,3)$
1 , 5 . $\cdot$ 2 3
, $\infty,$ $\sigma,$ $2\sigma$ $\gamma_{\mathrm{i}}.$. , $\gamma_{i}.$. $+\sigma,$ $\gamma’+2\sigma$ $(i=1,2,3^{\cdot})$ 1
. , 2 T .
9 . , $\mathrm{b}_{\zeta}^{\gamma\prime\prime}$ 2 . , $\infty,$ $\sigma,$ $\cdot-$$’\sigma$
27 . $S_{\zeta}’$ 27
, 2 . , $S_{\zeta}’’$
. q.e.d.
, , 4 .
12 $= \sum_{1\geq i\geq 5}.a$ i\Psi .i, $\Psi’=\sum_{1\geq i\geq 5}a_{i}’..\Psi$, 2
, $\Psi=c\Psi$’ $\Psi=c\iota^{*}\Psi’(c\in \mathbb{C}\backslash \{0\})$ .
-h . .
13 $\mathrm{P}(\mathcal{O}_{\tilde{E}}\{\infty)\oplus \mathcal{O}_{\tilde{E}}(\sigma)\oplus \mathcal{O}_{\tilde{E}}((2\sigma)))$ , $\Psi_{1}=0,$ $\Psi_{\dot{\zeta}}=0$
. , $E$ , 1, 1,
$K_{s}^{2}=3,$ $g$ =3 $E\cong \mathrm{A}1\mathrm{b}(\mathrm{S})$
1 4 .
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4 $K_{S}^{2}.=4,5$ , $g=2$
4.1 $I\mathrm{f}_{S}^{2}\geq 4\grave,g=2$
$S$ $g=2,$ $R_{S}^{\prime 2}=2,3$ , 1 Catanese Ciliberto ,
6 , $K_{\mathrm{q}\mathrm{L}}^{\mathrm{r}}2\geq 4$ $S$
$(*)$ .
Riemann-Roch , $t\in E$ $h^{0}(S, \mathcal{O}_{S}(K_{\mathrm{q}}\llcorner+S_{t}-S_{0_{E}}))=1+$
$h^{1}$ (S, $\mathcal{O}_{s}(R_{S}^{r}+S_{t}-S_{0_{E}}).$) . $p_{g}=1$ , Zariski $F_{A}’\subset E$
, $t\in E’$ , $l\tau^{0}(S, \mathcal{O}_{S}(\mathrm{A}’\prime \mathrm{s}\llcorner+\llcorner 9_{t}-\mathrm{b}_{0_{E}}^{\gamma}))=1$ .
, $t\in E’$ $R_{6^{\tau-}}^{r}+S_{t}-S_{0_{E/}}$ $C_{t}$ .
, $\{(x, t)\in S\cross E|\not\in x\in C_{t}’\}$ $S\backslash ,<E$ scheme-theoretic closure $Y$ .
$S\mathrm{x}Earrow E$ : $Yarrow E$ , $C_{t}$ ,
$\{C_{t}\}$ . $\{C_{\acute{t}}\}$ $X$ , $\{M_{t}\}$
$r:=Y\cdot(x\cross E)$ , rank $\mathfrak{j}\psi_{1}=lr$ . ([4] Theorem $\underline{9}.3$ ) , –
$x\in S$ , $\{\mathrm{A}^{-}I_{t}\}$ $.\Pi j$ $\prime r$ .
, $x\in S$ , $\omega’(.\mathit{1}^{j}.)=t_{1}+t_{2}+\cdots+t_{r}$ , $\Lambda f_{t_{1}}$ , AIt ’. . . , $l|/I_{t_{r}}$
$x$ . , para-canonical map $\omega’$ 1‘ , $\{\Lambda,I_{t}\}$ base point
. :{\Lambda .It} , : $\{l\mathrm{t}I_{t}\}$ base point
$M^{2}-1$ .
14([4]Lemma 4.4) $S$ $p_{g}=q=1$ . $S$
,
2 1 .
$g=2$ , 2:1 . $a_{*}K_{S}$ ,
$’\gamma=1$ , para-canonical map , $\{\mathrm{A}’It\}$
(cf. [4] Remarks 4.3). $a_{*}R_{S}$
, para.-canonical map .
Xiao[10]Theorem 2.2 $p_{\mathit{9}}=q=1$ , $2\leq$
$K_{S}^{2}\leq 6$ , $4\leq \mathrm{A}^{r_{\frac{}{\mathrm{q}}}}\llcorner’\leq 6$ , $\mathrm{A}_{S}^{\prime 2}’=4$
.
15 $S$ $p_{\mathit{9}}=q=1,$ $K^{\prime s}q\llcorner=4,$ $g$ =2 ,
2:1 , 2
(i) $.r=1$ $\omega$ $B$ $6H+2F$ . -B
$E^{(2)}$ 2 $S$’ 4 , $S$’ $S$ .
(ii) $r=\underline{9}$ $\omega$ 2:1 , $S$ $6H$ $B$ $E^{(2)}$
2 $S’$ . , $S’$ 2
, $S’$ (-y- .
80
(iii) $r=2$ $\omega$ 2:1 2 blow up . $\omega$
$B$ $6H+2F$ . $B$ $E^{(2)}$ 2 $\mathrm{S}’’$
4 . , $6^{\mathrm{Y}}$’ (-1)- 2 , $S’$ $S$ .
( ) $l\mathrm{I},I$ $NI_{t}$ . $X\neq 0$ . $I\{_{\mathrm{h}\llcorner}^{\prime 2}.,,$ $=f\vee I^{2}+X\cdot M+K\cdot X=$
$4$ . , $K_{S}$ $\mathrm{n}\mathrm{e}\mathrm{f}$ , $K_{\llcorner}\mathrm{q}\cdot X\geq 0$ . $\{\Lambda’,I_{t}\}$
, $l\mathrm{t}’I^{2}\geq 0$ . , [2] , K 2- , $X\cdot l\mathrm{t}I\geq 0$ .
, 14 , $(M^{2}, X\cdot M, K\cdot X, K\cdot M)=(_{\backslash }0,272,2)$ , (0,3, 1, 3), (0,4, 0, 4), (2,2, 0, 4)
. $K\cdot \mathrm{A}/I+\Lambda/I^{2}$ , $(l1/I^{2}: X\cdot\Lambda/I, K. X, K\cdot M)=$ ( $0,3$t1, 3)
. $\Lambda^{J}I^{2}=0$ $1\mathrm{t}^{x}=1$ , $\{\mathit{1}\mathrm{t}I_{\mathrm{f}}\}$
. 2, $K,$ $M+\mathrm{A}f^{2}=2$
, $(M^{2}, XM, K\cdot X, K\cdot M)=(0,4\}0_{\}}4)$ .
(i) $(M^{2}, X \Lambda I, K X, K \mathbb{J}I)=(0,2,2_{\}}2)$ $\Lambda I^{2}=0$ , $\{\Lambda.I_{t}\}$
. $S$ $B$ . $B$
$6H+nF,$ $(n\in \mathbb{Z})$ . $X$ $H-F$
, $X,$ $H-F$ , 2, 1 , $B\cdot(H-F)=n=2$ .
(ii) $(l\mathfrak{l}I^{2}, X \Lambda f, K. X, K\cdot M)=(2,2,0,4)$ $\{M_{t}\}$ 2
$\{\Lambda I_{t}\}$ base point $\mu$ . 14 , $\mu=0,2$ .
$\mu=2,$ $M^{2}=\underline{9}$ , $\cdot,*=1$ , $\mu=0$ . ,
$B$ $6H$ . , 3 , $S$ $6H$
2 .
(iii) $X=0$ , $\{\mathbb{J}- I_{t}\}$ $=\{C_{t}\acute{.}\}$ . $C_{\mathrm{f}}$ 5
, $r=2$ . $\omega$ $\omega’$ , 2:1 , $\mu=2$
. , $B$ ,
$B\sim 6H+2F$ . q.e.d.
$\mathrm{A}_{S}^{\prime 2}=2,$ $.3$ , 15 $E^{(2)}$




2 . , $F$ $E^{(2)}$ .
(1) $r=2$ $\omega$ 2:1 2 blow up . $\omega$
$B$ $6H+2F$ , 2 $F_{1_{\mathrm{J}}}F_{2}$ ,
$B-F_{1}-F_{2}$ $F_{1}$ , $F_{2}$ 3 2 .
(2) $r=\underline{9}$ $\omega$ 2:1 3 blow up . $\omega$
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$B$ $6H+4F$ , 3 $F_{1}$ , $F_{2}$ , $F_{3}$ ,
$B-F_{1}-F_{2}^{7}.-F_{3}$ $F_{1},$ $F_{\sim^{)}}.,$ $F_{3}$. 3 2 8
$R_{S}^{r’}2=3,$ $g$ =3 Takahashi , $(1),(_{A}^{\eta})$
$(1’)j(^{\underline{J}}‘’)$ .
, $\overline{E}$ $\mathrm{P}^{2}$ $Y^{2}Z=X(X-Z)(X-\lambda Z)(\lambda\in \mathbb{C}\backslash \{0,1\})$
. , ( $X$ : $\mathrm{Y}$ : $Z\dot{)}$ $\mathrm{P}^{2}$ 1 . ,
oo $:=(0$ : 1:0$)$ . $\tau:=(0$ : 0: $1)\in\tilde{E}$ , $\tau$
2 . $\mathrm{P}_{\tilde{E}}:=\mathrm{P}_{\tilde{E}}(\mathcal{O}_{\tilde{E}}(.\infty)\oplus \mathcal{O}_{\overline{E}}(\tau))$ , $\overline{p}:\mathrm{P}_{\tilde{E}}arrow\overline{E}$ . $\tilde{H}$
$\tilde{p}_{*}\mathcal{O}_{\mathrm{P}_{\tilde{E}}}$ $(H)$ $\cong \mathcal{O}_{\tilde{E}}(\infty)\oplus \mathcal{O}_{\tilde{E}}(\tau)$ , $\overline{F}$ $\mathrm{P}_{\overline{E}}$ . ,
$G:=\{\infty, \tau\}\cong \mathbb{Z}/2\mathbb{Z}$ .
(1’) $\overline{B}\in|6\tilde{H}+4\overline{F}|^{G}$ , 4 $\tilde{F_{j^{l}}}(j’= 1,2, 3, 4)$ , $\tilde{B}_{0}$ :
$\tilde{B}-\sum_{j=1,2,3,4}\tilde{F}_{j}$ $\tilde{F}_{j}$ $(j=1,213,4)$ 3 2 .
(2’) $\tilde{B}\in|6\tilde{H}+8\tilde{F}|^{G}$ , 6 $-\tilde{F}_{j}$ (j $=1,2,3,4,5_{\mathfrak{l}}6$ ) ,
$\tilde{B}_{0}:=\tilde{B}-\sum_{j=1,2,3,4,5,6}|\tilde{F_{j}}$ $\tilde{F}_{j}$ $(j=1,2,3,4\dot,5,6)$ 3 2 .
, $\tilde{B}$ <: $\tilde{B}0$ . $x=X/Z,$ $y$ = $1^{\prime’}/Z$ $\text{ }$ . $\tilde{F}_{Q}$ :
$\tilde{p}^{-1}(Q),$ $(Q\in\tilde{E})$ $<1$ , $\mathrm{P}_{\tilde{F\lrcorner}}$ $Z_{0}\in H^{0}(\mathrm{P}_{\overline{E}}, , \mathcal{O}_{\mathrm{P}_{\tilde{E}}}(\tilde{H}-\tilde{F}_{\infty}))$
$Z_{1}=T_{\tau}^{*}Z_{0}$ .
(1’) $\hat{\dot{B}}_{0}$ . , , $\tilde{B}_{()}$ $6\tilde{H}$ ,
$x^{2}=-\lambda$ $\tilde{E}$ 4 3 2 1
$\mathcal{O}_{\mathrm{P}_{\tilde{E}}}(6\tilde{H})$ 2 , $‘ x^{2}=-\lambda$
$\tilde{E}$ 4 3 2 , $\mathcal{O}_{\mathrm{P}_{\tilde{E}}}$ $(6H\tilde)$
. , 1 ,
$\Psi=(Z_{0}^{2}+Z_{1}^{2})((x^{2}+\lambda+1)Z_{0}^{4}+2Z_{0^{Z_{1}^{}}}^{22}+(\lambda^{2}x^{-2}+\lambda+1)Z_{1}^{4}.)$
. $lx^{2}=-\lambda$ $\overline{E}$ $Q_{j}$ $(j’=1,2,3,4)$ $Qj$’
$\Psi(Q_{j})=(Z_{0}^{2}+Z_{-1}^{2})^{3}$ . , 2
z0\partial ,x.\Psi $=8xZ_{0}^{3}(Z_{0}^{2}+Z_{1}^{2}. )+4Z_{0}(xZ_{0}^{4}-\lambda^{2}x^{-^{l}\mathrm{d}}Z_{1}^{4})$ ,
$\partial_{Z_{1}}^{l}\partial_{x}\Psi=-8\lambda^{2}x$ -3 $Z_{1}^{3}(Z_{0}^{2}+Z_{1}^{2})+4Z_{1}$ (x $Z_{\acute{0}}^{4}-\lambda^{2}x^{-3}Z_{1}^{4}$ ),
$\partial_{x}\partial_{x}\Psi=(Z_{0}^{2}+Z_{1}^{2})(2-7_{0}^{4}/+6\lambda^{2}x^{-4}Z_{1}^{4})$ ,
$(Q_{j}, (\sqrt{-1} : 1))$ , $(Q_{j}, (-\sqrt{-1}:1))$ 0 , 3 . 3
$(Q_{j}, (\sqrt{-1} : 1))$ , $(Q_{j}, (-\sqrt{-1} : 1))$ 2 3 $\text{ }$
. $x^{2}=-(\lambda+1),$ $-\lambda^{2}/(\lambda+1)$ $\overline{E}$
8 node 1 . , $\infty,$ $\tau$ node 1
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, nocie $A_{1}$ - .
, $\partial_{Z_{0}}\Gamma\Psi$ $z_{1}$ $\Psi$ $Z\mathit{0}$ Resultant
. , $\tilde{B}_{0}+\sum_{j=1,2,3,4}\overline{F}Q_{j}$. 2
$G$ $p_{g}=q=1,$ $K_{\acute{6}}^{2},$ $=4,$ $g=\underline{9}$ $-arrow$ ,
7 .
(2’) $\tilde{B}_{0}$ . $\overline{B}_{0}$ $6\overline{H}+\overline{F}_{\infty}+\tilde{F}_{\tau}$ , $x^{2}=-\lambda$
$\overline{E}$ 4 $\infty,$ $\tau$ 3 2
1 ,
$\Psi=\sqrt{-\lambda}x.zS+$ (x2-2$\lambda$)Z2Z1-(x2-3$\lambda+\lambda^{2}$x- $\cdot$2)Z8Z$\mathrm{i}+3$ ( $\lambda^{2}$x-2-2$\lambda$) $Z0Z?+\sqrt{-\lambda}\lambda x^{-1}$ Z1
. $x^{2}=-\lambda$ $\overline{E}$ 4 $Q_{\sim}j$ $\infty,\tau$
’
, $x^{2}=4\lambda,$ $\lambda$/4 $\dot{\tilde{E}}$ 8 node 1 .
, $\partial z_{0}\Psi$ $z_{1}$ $\underline{\Psi}$ $Z_{0}$ Resultant
. , $\tilde{B}_{0}+F_{\infty}+\overline{F}_{\tau}+\sum_{j=1,2,3_{\backslash }4}\tilde{F^{\urcorner}}_{Q_{j}}$
2 $G$ $.p_{g}=q=1,$ $\mathrm{A}_{S}^{\prime\cdot 2}‘=5,$ $g=\underline{9}$
} 7 .
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Regular surfaces with genus two fibrations after Horikawa
- Obstructed surfaces with ample canonical bundle –
(Kazuhiro Konno)
Department of Mathematics, Graduate School of Science, Osaka University
0 Introduction
The purpose of the present note is to show that some surfaces of general type with a genus two
fibration are obstructed, that is, the Kuranishi space of deformations is singular. More precisely, it
has two irreducible components meeting normally one of which parametrizes surfaces with genus
two fibrations while the other does not. Surfaces with such a property already appeared in his
famous series of papers “Small $c_{1}^{2}$ ” by Horikawa and, indeed one of the highlights was to see that
they form a bridge connecting realms of surfaces with weak canonical map and those with birational
canonical map, that is, the other component corresponds to canonical surfaces (see [1], [3] and [4]).
The calculations presented here are only a mimic of his, [1] among others, done as an exercise when
I learned Horlcawa’s works at the begining of my research on surfaces of general type. This explains
a reason why it has not been submitted to a journal for a long time, though I already completed
around 1989. As time goes by, I become to think that it may have a certain meaning to gather my
sporadicting notes and put them in the preprint format.
I want to emphasize here again the importance of the still misterious line $K^{2}=4p_{g}-12$ appearing
in Miles Reid’s Quadric $\mathrm{H}\mathrm{u}\mathrm{l}\mathrm{l}$ Conjecture [6] to which I refereed several times in my papers, because
our obstructed surfaces live in the region bounded from below by Reid’s line and the “unknown”
component of the Kuranishi space seems a new world of canonical surfaces.
Main Theorem. Let $S$ be a minimal regular surface ofgeneral type whose numerical characters
satisfy $K_{S}^{2}< \min\{4p_{\mathit{9}}+10,5p_{g}+2\}$ and $Ks$ is ample. Assume that $S$ has a genus tvvo Hbration
with generic branch locus and that the canonical image of $S$ is a cone over a rational curve. Let
$p:\mathscr{S}arrow M$ be the Kuranishi family of deformations of S. Then
(1) $M=M_{1}\cup M_{2}$ , where the $M_{i}’ s$ are complex manifolds with $\dim M_{1}=11p_{g}+6-2K_{S}^{2}$,
$\dim M_{2}=10p_{g}+10-2K_{S}^{2}$ .
(2) $N=M_{1}\cap M_{2}$ is a complex manifold of dimension $10p_{g}+9-2K_{S}^{2}$ .
(3) For $t\in M_{1},$ $S_{t}$ has a genus two Hbration. For $t\in M_{2}\mathrm{s}N,$ $S_{t}$ does not have a genus two
fibration.
